This paper considers 'diffusion-driven flows' for which a temperature flux condition on a sloping non-slip surface in a stratified fluid generates a slow steady upwards flow along a thin 'buoyancy layer'. The principles for this steady-flow phenomenon are well understood in a semi-infinite fluid and more recently have been applied to steady flows within a contained fluid under more general conditions, including where buoyancy layers expel or entrain fluid from their outer edge. In this paper, additional features of these flows are described in the context of a two-dimensional flow in a tilted square box, and some of the finer details of flow structure are elucidated. In particular, the key regions of the asymptotic structure are considered when the Wunsch-Phillips parameter R is small, and the leading-order solutions are derived in most of those regions. To illustrate the theory, three simple case studies of diffusion-driven motion are solved, and the results compared with accurate numerical solutions for R = 10 −4 . In some cases, a 'corner-induced' motion is found to occur, extending across the width of the container. The details of that feature are examined using both higher-order solutions of the outer flow and an integral treatment across the corner regions, and a solution for the corresponding 'R 1/3 layer flow' is proposed. Theoretical and numerical results are compared as the angle of inclination β is varied.
Introduction
In 1970, Wunsch (1) and Phillips (2) demonstrated that a steady upslope flow can be generated in an otherwise quiescent but linearly stratified fluid. Phillips (2) presented photographs of experiments that illustrated the phenomenon, albeit for the early stages of an unsteady flow, and subsequently Phillips et al. In relation to theoretical aspects, Page and Johnson (6) extended the analysis of Wunsch and Phillips for a semi-infinite fluid to the steady laminar flow of a contained fluid when the induced density perturbation at the boundary is small relative to the background density. Their governing equations were linear, which assisted them in determining the flow structure and solutions but the theory was not strictly applicable to practical situations. Subsequently, Page and Johnson (7) extended the analysis to circumstances where the background density gradient was significantly affected by the motion, and the governing equations were nonlinear. That enabled their results to be compared directly with those of Woods (8) for flow in a v-shaped container as well as to more general configurations for a contained steady flow. That said, most of the features of their nonlinear theory were found to be qualitatively the same as those for the linear theory so the latter remains a useful testbed for ideas. Although not pursued here, other authors such as Garrett (9) and Imberger and Ivey (10) have used similar principles to extend the original analysis of Wunsch and Phillips to turbulent flows and applied that to motion in oceans and reservoirs.
This paper aims to elucidate additional features of contained diffusion-driven flows and to provide more detail of the theory proposed by Page and Johnson (6, 7) . It is assumed that the motion is steady, two-dimensional (2D) and laminar. The key parameters are R = √ ν * κ * /N * L * 2 and the Prandtl number σ = ν * /κ * , expressed in terms of the kinematic viscosity ν * , thermal diffusivity κ * , the buoyancy frequency N * and a typical length scale L * . As in most previous theoretical studies, it is assumed here that R ≪ 1 and σ = O (1) . Under those conditions, Page and Johnson (6) showed that there are three main regions of 'diffusion-driven flows': the so-called 'buoyancy layers' of thickness R 1/2 , originally described by Wunsch and Phillips; an 'outer flow' that occupies the bulk of the container; and horizontal 'R 1/3 layers' that close the mass flux between those two regions in some circumstances. (Here the opposite direction to the gravitational force is referred to as 'vertical', with the 'top' of the container being at its highest point.) Those three regions are outlined in more detail in this paper, but an additional 'corner region' is also introduced.
A tilted 2D square configuration is used here because it forms a suitable platform for a general theory of diffusion-driven flows, due to both the simplicity of its geometry and the range of phenomena that can be illustrated. It is also amenable to straightforward numerical calculations. Page and Johnson (6, 7) used the configuration with a tilt angle β of 45 • , but it has been applied across a wider range of angles by Quon (11, 12) . There are other significant differences between their approaches, however, in particular that Page and Johnson forced a steady motion by specifying the normal temperature gradient T n along all edges of the container, whereas Quon imposed a linear temperature variation T b on two opposite edges. Quon also concentrated on the case when σ was large. Despite those differences, a recent study by Page (13) shows that many of the features described by Page and Johnson are evident in both Quon's numerical solutions and his analysis. For example, Quon (12) outlined an incomplete layer analysis that aligns with many aspects of the final asymptotic structure of Page and Johnson, including the 'corner regions' that are considered further in this paper. One significant difference noted by Page (13) , however, is the presence of additional 'R 1/4 layers' for most tilt angles β, and he also observed that the σ = O(1) solutions remain accurate in almost all regions when σ is large.
The imposition by Quon (11, 12) of a linear temperature variation T b on some boundaries meant that any temperature perturbations were small and localised and, as a consequence, the governing equations were linear-like those in Page and Johnson (6) . This approach has limitations, and in particular was not appropriate for the intrinsically nonlinear problem of Quon (14) for 'diffusiondriven flow' in a circular container. Page and Johnson (7) overcame this constraint by describing a nonlinear theory for the asymptotic structure when R ≪ 1 and σ = O (1) . They illustrated this across a range of situations, including that in Quon (14) . In this paper, their approach is used for several case studies of flow in a tilted square container with constant values of T n along each edge, in one case with a varying slope angle β. It is also shown that higher-order solutions can be determined in some of the flow regions.
The main purposes of this paper are first to provide additional analytical details on the flow structure for diffusion-driven flows for small values of R, including in each of the key regions outlined by Page and Johnson (7); second to analyse all flows that have a constant normal temperature gradient T n along each boundary; third to examine the effect of varying the angle of slope of the boundaries and finally to determine (for the first time) the form and properties of the higher-order solutions in most of the key regions. Numerical solutions are presented for some simple case studies and compared with the analytical solutions. Some unexpected features emerge in one case and, to explain those, it turns out that the corner regions need to be examined in more detail-whereas previously those regions were assumed to be 'passive'. A list and index of the particular cases studies considered are shown in Table 1 . The scaling and governing equations for general diffusion-driven flows in a tilted square container are outlined in section 2. The key regions of such flows for R ≪ 1 and σ = O(1) are described in section 3, including additional details of the R 1/3 layers that build upon Koh (15) for source flows in a stratified fluid and Moore and Saffman (16) for a similar problem in a rapidly rotating fluid. In section 4, this analysis is illustrated on the three basic cases 1a-c for flow in a tilted square container at β = π/4 when the normal temperature gradient T n is constant along every edge. The higherorder flow for these cases is determined in section 5, including via an integral analysis of the small corner regions. In section 6, one case is examined as the angle of inclination of the container β is varied, and the analytical results compared in detail with numerical solutions of the full governing equations. Finally, in section 7, some numerical results are described for a similar problem with fixed temperature boundary conditions T b instead of specified values of T n .
Governing equations and geometry
Consider steady 2D flow of an incompressible viscous stratified fluid in a square container that has sides of length L * and is inclined at an angle β > 0. A Cartesian coordinate system (x * , z * ) is defined so that the gravitational acceleration g * is aligned with the negative z * direction and the corresponding velocity components are denoted as (u * , w * ). A steady variation of the temperature T * (x * , z * ) is maintained by specifying boundary conditions on the normal temperature gradient around the container walls, and the resulting temperature variations within the container drive a broad-scale motion. The Boussinesq approximation is used, based upon a constant background density ρ * 00 , and the coefficient of thermal expansion α * , thermal diffusivity κ * and kinematic viscosity ν * are all taken to be constant.
The non-dimensional governing equations in this paper are obtained by scaling lengths with L * , so that (x, z) = (x * , z * )/L * . A suitable temperature scale T * , based upon L * and the imposed temperature gradient on the boundaries, is used to define a non-dimensional temperature variation
where T * 00 is the 'average' background temperature. The velocity components (u, w) of the induced flow are non-dimensionalized using a velocity scale of U * = N * L * based upon the buoyancy frequency N * = (g * α * T * /L * ) 1/2 . Variations of the pressure from hydrostatic are quantified by a scaled pressure p that is non-dimensionalized with ρ * 00 (N * L * ) 2 . The key dynamical parameter is R = √ ν * κ * /N * L * 2 when the Prandtl number σ = ν * /κ * is order one, and the governing equations for steady flow are
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where the subscripts refer to partial derivatives with respect to that variable and ∇ 2 is the 2D Laplacian. The continuity equation u x + w z = 0 for a 2D incompressible fluid allows a streamfunction ψ to be defined with
Differences of the streamfunction ψ are used in this paper to quantify the relative 'mass flux' between points of the 2D flow field, although of course strictly the lineal mass flux is a dimensional quantity involving ρ * 00 N * L * 2 and includes higher-order density variations through T as well. The nonlinear equations (2.1)-(2.3) are identical to those in Page and Johnson (7) and equivalent to (1-3) in Wunsch (1) when his ϵ = 1. It is assumed that R ≪ 1 here, with σ taken to be O(1) with respect to R (although, as observed by Page (13) , the flow features in the σ ≫ 1 case are very similar). Under those conditions, both p and T are dominantly functions of z over most of the container.
In this paper, T n = ∂ T /∂n is specified all around the boundary of the tilted square container, where n is the outward normal and that provides the 'driving force' for the steady flow. Non-slip boundary conditions are applied for (u, w) on all boundaries, so that ψ = 0 and ∂ψ/∂n = 0. Consequently, the average value of T n around the boundary must be zero for a steady flow, from integrating (2.3) over the container. Finally, and without loss of generality, the average value of T around the boundary is taken to be zero.
3. The overall flow structure for specified values of T n along each edge To illustrate the typical form of these flows when R ≪ 1, consider a version of the tilted square problem solved by Page and Johnson (6, 7) . Here, the origin of a Cartesian coordinate system (x, z) is located at the bottom corner of the container, as in Fig. 1 . A non-trivial steady flow is induced by imposing boundary conditions T n− on the lower left-hand boundary x = x − (z) over 0 < z < z 0− , with T n+ specified on the lower right-hand boundary x = x + (z) over 0 < z < z 0+ . For the cases considered in this paper, the boundary conditions all have symmetries about the horizontal centreline z = z 0 , and so only the analysis for z z 0 is considered in detail below (but extending it to more general conditions is straightforward). As described in Page and Johnson (6, 7) , there are three main regions of the resulting flows. First, over the most of the container, there is an 'outer flow' in which T and w are functions of only z to leading order. Secondly, on each of the sloping boundaries of the square container, there are thin 'buoyancy layers'. Finally, along the lines of constant z at which T n is discontinuous there can be 'R 1/3 layers' present. These three regions are considered in more detail below, along with a fourth R 1/2 × R 1/2 'corner region' which is usually, but not always, relatively 'passive'-in the sense that it mostly responds to the surrounding motion. In section 3.5, details are provided of the numerical method that is used to obtain the approximate solutions for small values of R.
The outer flow
When their nonlinearity parameter ϵ is not small, Page and Johnson (7) show that an O(R) mass flux is generated within the container as a result of the O(1) variation of the imposed normal temperature gradient T n around the boundary. In this 'outer flow' region, where (x, z) is O(1), the velocities (u, w) are O(R) and temperature perturbations T are O (1) . To leading order, (2.1)-(2.3) become
where neglected terms have relative size O(R 2 ). For R ≪ 1, solutions can be expanded as
where ψ is given by (2.4). Here, the numbered subscripts refer to the relevant power of R 1/2 in this expansion. After substitution into (3.1), it turns out that p 0 , T 0 and w 2 are all independent of x and that the leading-order solution can be expressed in terms of two functions f 0 (z) and g 0 (z) with
is not equal to zero within the outer flow region. Here, x 0 (z) = (x − + x + )/2 is introduced into this solution to assist in simplifying the subsequent analysis, but otherwise (3.4) is equivalent to (3.12) of Page and Johnson (7) .
From the analysis in section 3.2, it turns out that the unknown functions f 0 and g 0 are determined by the O(R) values ψ E± (z) of the streamfunction at the outer edges of the buoyancy layers near x = x ± . Since w is independent of x to leading order, it follows that
Using (3.4), f ′ 0 (z) therefore satisfies a first-order differential equation based on the relation
As will be seen in section 3.2, the values ψ E± of the streamfunction at the outer edges of the buoyancy layers depend on the imposed normal temperature gradient T n± at the corresponding points on the boundary. As a result, these ψ E± values may be discontinuous at any z values at which boundary conditions T n± are discontinuous, as happens for one of the cases considered in Page and Johnson (7), for example. Such (finite-jump) discontinuities in ψ E± not only act as point sources or sinks for the mass flux at the boundary, but they also introduce discontinuities into the righthand sides of (3.5) and (3.6), and hence lead to discontinuities in the outer flow solution ψ 2 (x, z) across the entire width of the domain at those values of z. The details of the flow properties in the vicinity of those outer flow discontinuities are outlined in section 3.3, when the R 1/3 layers are considered, but meanwhile note that both f 0 and f ′ 0 are often continuous at such z values, but with f ′′ 0 discontinuous.
For small perturbations of size ϵ ≪ 1 from a constant-gradient temperature profile such as T 0 (z) ∼ z, the solution above can be written in the form f 0 (z) = z + ϵf 0 (z) with the solutions (3.4) linearized. This yields that
where the unknown functionsf 0 andg 0 are determined in the same way as f 0 and g 0 above. These outer flow solutions are equivalent to those in Page and Johnson (6) and are forced through an imposed normal temperature gradient T n = ∂z/∂n + ϵT n . WhenT n is O(1), they give outer flow velocities of O(ϵR) and broad-scale temperature perturbations of O(ϵ).
The buoyancy layers
The 'buoyancy layers' are arguably the most important regions of these flows as they provide the driving force for the circulation via the specified normal temperature gradient T n on any sloping surface that is neither horizontal nor vertical. When R ≪ 1, they have a constant scale thickness of O(R 1/2 ) both for the semi-infinite problem considered by Wunsch (1) and Phillips (2) , and for the linear contained flows considered by Page and Johnson (6) For each sloping boundary, a rotated coordinate system (x,ẑ) is defined at an angle α from horizontal, sox = x cos α + z sin α andẑ = −x sin α + z cos α. From Fig. 1 , the sloping boundary atẑ = 0 has angle α − = (β − π/2) on the lower left-hand side of the square and angle α + = β on the lower right-hand side. In either case, the corresponding velocity components are (û,ŵ), where ψ = 0 andû =ŵ = 0 onẑ = 0. For R ≪ 1 and α ̸ = 0, an expansion of the buoyancy layer solution is sought with
in terms of a boundary layer coordinate ζ =ẑ/R 1/2 . The streamfunction can be expanded in the same form ψ = Rψ 2 (x, ζ ) + O(R 3/2 ), so thatû 1 =ψ 2ζ , for example.
The leading-order terms of (2.2)-(2.3) imply that bothp 0 andT 0 are functions ofx only and are determined by the outer flow. The terms at the next order give 0 = −p 1ζ +T 0 cos α and 0 = −p 1x +T 1 sin α + √ σû 1ζ ζ , so thatT 1ζ ∼ cot αT ′ 0 (x) for ζ ≫ 1, and alsô
This can be integrated across the layer, withT 1ζ (x, 0) = −T n (x), to yield that
This same condition was derived by Page and Johnson (7) in a different manner by using the boundary conditionT 1ζ (x, 0) = −T n (x) to determineÛ 1 (x) in the solutionŝ
10)
Either way, the streamfunction value ψ E at the outer edge of the buoyancy layer is given by
in terms of the unscaled outer flow variables, using thatT ′ 0 (x) = sin αT ′ 0 (z) here. Page and Johnson (6, 7) refer this as a 'compatibility condition' and observe that it is based on the same principle used by Jacobs (17) for Ekman layers in a rapidly rotating fluid-and as explained in more detail by Moore (18) . In particular, this approach allows the outer flow to be determined without the need for a detailed consideration of the solution in the thin layer next to the boundary.
As outlined in section 3.1, for a closed container the streamfunction values given by (3.11) at each horizontal boundary, at x = x ± with slope angle α = α ± say, can be used to determine f 0 and g 0 in the outer flow solution (3.4) . For the special case where T 0 (z) = z + ϵT 0 (z) and ϵ ≪ 1, (3.11) can be linearized andf 0 andg 0 in (3.7) are determined from (3.12) in an equivalent manner to Page and Johnson (6).
3.3
The R 1/3 layers Based on (3.11) in section 3.2 or equivalently (3.12) in the linearized case, the streamfunction ψ E at the outer edge of the buoyancy layer can have a jump discontinuity at any point where either the slope angle α or boundary condition T n is discontinuous. That jump in ψ E may correspond, for example, to a mass source at the outer edge of the buoyancy layer that expels fluid into the outer flow region. Koh (15) examined mass sources in a viscous stratified fluid and showed that a 2D horizontal 'jet-like' flow will develop along a line of constant z, with a similarity structure near to the source that spreads out into a region of thickness of O(R 1/3 ) in terms of R ≪ 1. Such a flow is just one instance of the thin horizontal 'R 1/3 layers' that can form in a viscous stratified fluid when R ≪ 1 and, as noted by Page and Johnson (6, 7), similar layers also occur near a mass sink or indeed whenever the treatment in section 3.2 breaks down. As outlined below, the same approach applies to R 1/3 layers of finite length as well. Even more generally, Wunsch (1) used the analogy (see Veronis (19) , for example) between the equations for stratified and rapidly rotating flows to conclude that layers of thickness O(R 1/3 ) and O(R 1/4 ) may exist for linear 'diffusion-driven' flows, based on the 'Stewartson layers' of thickness E 1/3 and E 1/4 that are present in some rotating fluid flows, as for example in Stewartson (20) . No 'R 1/4 layers' exist for the situations outlined in this paper, although they can exist in other circumstances (see Page (13) , for example), however, the analogy does enable a number of the features of the R 1/3 layers to be deduced from the corresponding results for a rapidly rotating fluid. For instance, Moore and Saffman (16) considered E 1/3 layers for a range of configurations in a rotating fluid and completed a detailed analysis of the strength and type of singularities and similarity solutions that are allowable. Among other things, they confirmed the conjecture by Stewartson (21) that some flow variables are continuous to leading order across those layers-at least in a finite width container. Carrying across their results to the equivalent linear problem in this paper implies that the outer layer values of both T and T z are continuous across a typical R 1/3 layer that transports a mass flux for a source or sink, but that T zz can be discontinuous. Further, it can be shown that the same requirements apply when ϵ is O(1) and the outer flow equations are nonlinear. As a result, the R 1/3 layers can resolve the outer flow discontinuities of O(R) that may occur in the expressions for both w and ψ in section 3.1, for example, when there are local sharp changes in value of either the boundary angle α or T n .
An equivalent analysis to that in Moore and Saffman (16) is performed here by defining local coordinatesx = (x − x 1 ) andz = (z − z 1 )/R 1/3 for the case of a mass source or sink at some boundary point (x 1 , z 1 ). For R ≪ 1, the solution in this region can be expanded as imply that bothT 0z andT 1z are independent ofz and must therefore be determined by matching with the outer flow temperature
, and hence that both T 0 (z) and T ′ 0 (z) must be continuous at z = z 1 . Moore and Saffman (16) examine this issue further, analysing the singularities that result if there are discontinuities at that order and demonstrate that the continuity of both T and T z across the R 1/3 layer in this context is equivalent to a hypothesis of 'minimum singularity', with the pressure gradient arising from any discontinuity no larger than that in the rest of the flow (similar to a 'Kutta condition' in aerofoil theory).
At the next order,T 2 satisfies both 15) and from integrating the latter across the layer, it can be deduced that any discontinuity in w of O(R) across the layer will correspond to a discontinuity inT 2zz . Those features accord with a discontinuity
for the outer flow solution (3.4), while the continuity conditions on T 0 and T ′ 0 ensure that both f 0 and f ′ 0 are continuous at z = z 1 . The leading-order equations (3.15) in the R 1/3 layer are not precisely those considered by Moore and Saffman (16) but since T ′ 0 (z) remains constant in the layer to that order, they are similar. It follows that a complex-valued function χ 2 =ū 2 + iλT 2 can be defined that satisfies 
17) where τ =z(µ/x) 1/3 and H −1/3 (τ ) is defined at their (3.8) . This solution is equivalent to the leading-order similarity form derived by Koh (15) 2 (x,z) at smallx in Fig. 2 (a) and consistent with the property of the similarity solution that
Here,ū 2s approaches zero more rapidly at the outer edge of the layer thanT 2s , as is also apparent in the values ofxT 2zz (x,z) at smallx in Fig. 2 
(c).
For the similarity solution (3.17), no fluid is expelled (or entrained) from its outer edges, where |z| ≫ 1. However, for a finite length region 0 <x < L with a solid wall atx = L andū 2 (L ,z) = 0, the mass flux from the source atx =z = 0 must be expelled at large values of |z| over 0 <x < L. Using the corresponding expansions 
, corresponding to a unit source atx = 0 and unit sink atx = L whereū 2 =ψ 3z andw 3 = −ψ 3x , it follows from integrating the second equation in (3.15) that any jump inw 3 across the R 1/3 layer must be independent ofx since any corresponding outer flow discontinuity of T ′′ 0 across z = z 1 will have the same property. Moore and Saffman (16) also determined the solution for the finite length problem using Fourier transforms, and in the current variables, it can be written as
This integral is singular at γ = 0 but its principal value can be evaluated using the generalized functions approach of Lighthill (22), for example. The solution (3.18) can also be decomposed into a sum of three parts: the similarity solution χ 2s in (3.17), anx-independent term 19) which is the other contribution from the singularity of the integrand at γ = 0, and a non-singular remainder (that could be evaluated numerically, for example). It turns out thatū 2 * = 0 everywhere and hence the only singularity inū 2 arises from the source termū 2s atx =z = 0. Taking that into account,x 1/3ū 2 (x,z) is plotted in Fig. 2 (a) based on (3.17), for the case where µ = 1 and L = 1.
Clearly,ū 2 is equal to zero atx = L, leading to an outflow of fluid towards the outer edges of the layer for 0 <x < L. The corresponding streamfunctionψ 3 can be obtained by integratingū 2 with respect toz. For example, for a streamfunctionψ 3 that is antisymmetric aboutz = 0, mass conservation implies that ψ 3 (x, ±∞) = ±(L −x)/2L. This functionψ 3 is plotted in Fig. 2 (b) and it resolves a constant outer flow discontinuity in w 2 (z) at z = z 1 sincew 3 (x, ±∞) = ±1/2L for allx. Most of the streamlines 'overshoot' their eventual positions for large |z| and for smallx some of them recirculate back towards the source. Those features are also evident in the three-dimensional (3D) plot of the corresponding velocity componentx 1/3ū
2 (x,z) in Fig. 2(a) . Not all streamfunction solutionsψ 3 must be antisymmetric aboutz = 0, however, and another suitable solution could have all the outflow on one side, so thatψ 3 
/L, and hence the required jump of 1/L in the outer flow velocity w 2 (z). Overall,T 2 (x,z) is an odd function ofz and its dominant behaviour arises from itsx-independent partT 2 * (z) whenz is large and its similarity behaviourT 2s based on (3.17) when bothx andz are small; both of those features are also evident in the scaled plot of its second derivativexT 2zz (x,z) in Fig. 2(c) .
Having determined this 'basic' R 1/3 layer solution for a unit source at (x,z) = (0, 0) in a container of width L, it can be multiplied by any real constant and/or reflected aboutx = L/2, so that the source (or sink) is located atx = L instead. Using the linearity of the equations, any combination of sources and sinks at both ends of the domain can thereby be accommodated. The streamlines for one such example are shown in Fig. 2(d) , combining a unit source at (x,z) = (0, 0) with a unit sink at (L , 0) to give
, as applies for Case 1a in section 4. For the tilted square problem in Page and Johnson (6, 7), there are equal sources at both ends on the centreline and equal sinks at both ends of the off-centre R 1/3 layers, both of which are multiples of
All the analysis above remains valid provided the effective layer thickness (RL/µ) 1/3 is small in comparison with any x variations. Even when R is small, this will break down if µ ≪ 1, which can happen if the background temperature gradient T ′ 0 (z) is so small that the fluid is effectively no longer 'stratified'. In a 'wide container', with L large, the layer can have an O(1) breadth in z over a long x length scale of O(R −1 ), as was also seen in the semi-infinite problem considered in section 6 of Page and Johnson (7). .3) therefore have the same relative magnitude and so the full nonlinear equations determine the flow. When ϵ ≪ 1, the equations can be linearized but, even in that case, there is no simple exact solution for 2D viscous stratified flow in a corner.
Analytical and numerical results suggest that the leading-order flow in this region is, in most cases, simply responsive to the leading-order flow in the surrounding buoyancy and R 1/3 layers. For example, as the flow in a buoyancy layer approaches or leaves the corner region, it will have a typical buoyancy layer velocity profile, and any fluid that leaves or enters along an R 1/3 layer will spread out in accordance with a similarity solution like that in (3.17) . In particular, the similarity variable τ in that solution is of order one when variations of both x and z are of O(R 1/2 ).
Notwithstanding that, it will be demonstrated in this paper that corner regions can sometimes be important at higher order and in particular that integrals over them can assist in determining some localized features of flows. Examples of this are given in sections 5 and 6 below, where the integral of (2.3) over a small triangular area near the top or bottom corners can determine the size of the O(R 1/2 ) temperature perturbations in the outer flow. A similar integral near the left-or righthand corners also determines the strength of the higher-order recirculating flow in the adjacent R 1/3 layers. In both of those cases, there are singularities on the approach to the corner, in one case in the higher-order outer flow and in the other from the specific form of the R 1/3 layer solution.
Numerical solutions of the full equations for R ≪ 1
Due to the simple geometry, it is relatively straightforward to obtain accurate numerical solutions of the full governing equations (2.1)-(2.3) at small values of R when σ = 1, for comparison with the theory outlined above. For the results presented in this paper that was achieved by introducing ζ = (u z − w x ) and using a vorticity-streamfunction approach, which gives the coupled nonlinear equations
These were solved in terms of rotated coordinates (x,ẑ) defined in section 3.2 when α = β, with all partial derivatives approximated using standard second-order centred differences on a uniformly spaced grid in bothx andẑ, with up to 400 intervals in both directions for R = 10 −4 . Richardson extrapolation was used to improve further the accuracy of the calculated fields based on grids with 200 and 400 intervals in both directions, and therefore, the results presented here are fourth-order accurate (although the 3D plots in this paper do not show every point).
The boundary conditions on the first equation in (3.20) were applied directly, with ψ = 0 around the edges. For the second equation, the boundary values of ζ were determined using the approach of Thom (23) , where the Poisson equation for ψ is evaluated on the boundary in combination with the no-slip condition ∂ψ/∂n = 0. The third equation in (3.20) was evaluated on the boundary, making use of the given T n boundary values, except at one corner where the T value was determined by requiring the average value of T around the boundary to be zero. At the other corners, the values of T n from both intersecting boundaries were used, with no other special treatment necessary.
For the 'linearized' case in Page and Johnson (6), the resulting coupled system of linear difference equations for √ σ ψ/ϵR, √ σ ζ /ϵR andT = (T − z)/ϵ when ϵ ≪ 1 were solved in MATLAB, using its standard built-in direct sparse solver. In the nonlinear case ϵ > 0 that solution was used as an initial approximation for a Newton linearization procedure on the full discretized system of coupled nonlinear equations based on (3.20) . This gave almost roundoff accuracy for the solutions of those nonlinear difference equations after about five iterations. Selected numerical results were compared with the large time solutions of the unsteady equations, as described in Johnson and Page (7); both were equivalent to within the convergence tolerances but the Newton approach was much quicker.
4. Case 1: T n constant on each edge, with β β β = π π π/4
In the remainder of this paper, some simple cases of flows in a tilted square container are used to illustrate the general features described in section 3 as well as to reveal new aspects that were not apparent in previous studies. In each case, the leading-order outer flow solution is determined using the mass flux ψ E± at the outer edge of the buoyancy layers at x = x ± .
The first situation considered is when the square is tilted at 45 • , so that β = π/4, with T n constant along each edge and chosen to match a linear background temperature T ′ 0 (z) = 1 over at least some of the boundary (for normalization purposes). It turns out that there are three independent cases for which such boundary conditions satisfy the integral constraint on T n , and these represent a linearly independent basis for all configurations with T n constant along each edge.
Case 1a: centre layer flow
The first case considered has T n− = sgn(z − z 0 )/ √ 2 along the entire left-hand boundary with
on the right-hand boundary. This is examined as ϵ varies from small values up to ϵ = 1, at which T n = 0 over the entire right-hand boundary. As both T and ψ are antisymmetric about z = z 0 here, only the lower half of the domain is considered for the remainder of this section.
From (3.5) and (3.11) , with x ± = ±z and α ± = ±π/4 in the lower half of the domain,
and hence f ′ 0 satisfies the ordinary differential equation
Both T n± are constants so the solution is
where c 0 is constant. Since the forcing for the motion arises from the buoyancy layers, it can also be assumed f ′ 0 (z) is O(1) everywhere and hence that it is non-singular as z → 0. Therefore, c 0 must be zero and
As a result, there is no motion in the outer flow region for 0 < z < z 0 , at least to leading order. Since ψ is antisymmetric about z = z 0 in this case then ψ 2 = − 2∞ for z > z 0 and the discontinuity at z = z 0 implies that an R 1/3 layer is present along that line. The corresponding velocity and temperatures in each of the buoyancy layers can be evaluated from (3.9)-(3.10) using the appropriate value for δ = √ 2/| sin 2 αT ′ 0 (z)| 1/4 , in terms of the slope angle α of that boundary, and thatÛ 1 = 2 2∞ /δ.
It is informative to compare the outer solution (4.2) with numerical solutions of the full equations. Figure 3(a) shows streamlines when R = 10 −4 , σ = 1 and ϵ = 1, using the method described in fluid expelled from that corner region directly across to the left-hand corner region, before splitting, turning by 135 • and feeding into the two buoyancy layers on that side of the container. The fluid then proceeds along those layers towards the bottom and top corners, again without expelling any mass into the outer flow, turns by 90 • in each corner region and proceeds back to the right-hand corner along the right-hand buoyancy layers. The 3D plot of √ σ ψ/R in Fig. 3(b) provides some additional information on this flow. In particular, the overall maximum value of ψ appears to be located within the R 1/3 layer, which suggests that a small proportion of that flow is recirculated back along the outer edges of the R 1/3 layer towards the right-hand corner. This is also consistent with the R 1/3 layer streamlinesψ 3 shown in 2(d), for a flow with a source at one end of the R 1/3 layer and a sink at the other end. Figure 3 (b) also indicates that there is a small counterflow at the outer edges of the buoyancy layers, consistent with the form of the velocity profile in (3.9), and that ψ is close to the outer flow solution
elsewhere.
In Fig. 3(c) , a contour plot of the temperature T based on the same numerical solutions when ϵ = 1 confirms that T n = 0 all along the right-hand boundary in this case since the lines of constant T meet the boundary at right angles. Although not provided here, 3D plots show that T is very close to a linear function of z over almost all the domain, with O(R 1/2 ) variations in the buoyancy layers and corners. From the analysis in section 3.3, it can be expected that there are small perturbations of T from T 0 (z) of size R 2/3 within the R 1/3 layer near z = z 0 , corresponding to u variations of the same magnitude, but for R = 10 −4 these are too small to be evident in simple plots of the numerical solutions.
The plots ψ and T for smaller values of ϵ are very similar to those in Fig. 3(a) to (c) but are not shown here. More generally, all the features that are apparent for nonlinear cases, such as for ϵ = 1 here, are also present and explainable using the linearized theory in Page and Johnson (6).
Case 1b: circulating flow
Here, the same boundary conditions as Case 1a for ϵ = 1 are used when z < z 0 but for z > z 0 , they are reflected across the centre point (x 0 , z 0 ), so that T n− = 0 and T n+ = 1/ √ 2 in the upper half of the domain. The resulting flow is rotationally symmetric about (x 0 , z 0 ) so the solution for z > z 0 relates to that for z < z 0 by replacing x by (−x), z by (2z 0 − z) and T by (−T ), but with no change in sign of ψ.
The solution when z < z 0 is identical to that in section 4.1, since the boundary conditions are unchanged, and as a result of the symmetry
for both z < z 0 and z > z 0 . Again there is no leading-order motion in the outer region and for this case, there is no apparent forcing of any discontinuities in ψ 2 at z = z 0 .
The buoyancy layers and outer flow for z < z 0 are identical those described above for Case 1a when ϵ = 1. However, since ψ 2 is rotationally symmetric in this case, the mass flux up the righthand buoyancy layer turns by 90 • at z = z 0 and continues up the right-hand buoyancy layer for z > z 0 . The fluid then turns at the top corner and moves down the left-hand buoyancy layer, turning again by 90 • at the left-hand corner. Streamlines for this flow based on the numerical solutions of the full equations for R = 10 −4 and σ = 1 are shown in Fig. 3(d) and they confirm those features. Perhaps unexpectedly, however, they also indicate that there is some flow across the centreline of the container, leading to maxima in ψ near the left-and right-hand corners. From the streamlines, this flow corresponds to a small amount of fluid moving out of and then back into both corner regions, but with no net mass flux across x = 0 and no apparent outflow into the outer region. The discrepancy between these numerical solutions and the outer flow streamfunction in (4.3) is even more noticeable in the 3D plot in Fig. 3(e) , where there is clearly a significant flow extending across the container near the centreline z = z 0 and with a significant recirculation occurring in the vicinity of both corners.
Careful consideration of the outflow condition (3.11) near each corner does not yield any apparent forcing for the motion near the left-and right-hand corners (although, of course, strictly that condition is not valid at those corner points anyway). Examination of the numerical results for a range of R values indicates that the perturbations of ψ away from Rψ 2 within the R 1/3 layer are only slightly smaller than the leading-order overall circulation, and probably that they are O(R 7/6 ). The numerical results also indicate that there are small perturbations of the leading-order temperature gradient across the outer flow region, apparently of size O (R 1/2 ). The equations in the nonlinear corner region are intractable, but in section 5, it is shown that the integration of (2.3) across small triangular regions near each corner provides clues to the origin of this motion across the centreline of the domain.
Although not shown here, all the features above are also present in numerical calculations for the equivalent linearized flow, where the same boundary conditions as for Case 1a are used for z < z 0 when ϵ ≪ 1 and with T n− = (1 − ϵ)/ √ 2 and T n+ = 1/ √ 2 for z > z 0 . This includes the same form of recirculation near the corners and along z = z 0 .
Case 1c: stagnant flow
The final independent case for β = π/4 has T n = sgn(z − z 0 )/ √ 2. This matches T ′ 0 (z) = 1 on every edge and is equivalent to the situation in section 4.1 of (6) where ψ 2 (x, z) = 0 everywhere in the outer flow and no motion was induced. Since ψ E is zero along every boundary, from (3.11), there is also no motion in the buoyancy layers and corner regions, and an R 1/3 layer is not necessary. The solution for any positive constant multiple of these boundary conditions has the same features, but a negative multiple corresponds to an unstable temperature gradient and a different form of flow would develop.
Linear combinations of Cases 1a-c
When ϵ is small and the equations are linear, the solutions for all configurations that have T n constant along each side can be represented as a linear combination of the ϵ ≪ 1 solutions of sections 4.1-4.3. This produces different circulations around the buoyancy layers in the upper and lower halves of the container, but usually with an R 1/3 layer across the centre and always with no leading-order outer flow.
The nonlinear case is different, however. For example, when ϵ = 1, adding an O(1) multiple of T n = sgn(z − z 0 )/ √ 2 to the boundary conditions will change the background temperature gradient T ′ 0 (z) and hence some of the features of the buoyancy and R 1/3 layers, including their thicknesses δR 1/2 and (R/µ) 1/3 . That said, for boundary conditions that yield the same background temperature gradient T ′ 0 (z), it is possible to obtain the leading-order solutions in the buoyancy and R 1/3 layers by taking weighted linear combinations of those solutions, provided the resulting background temperature gradient T ′ 0 (z) remains the same. This happens because the equations for the leadingorder solutions in the three main regions are not actually nonlinear, but rather involve T ′ 0 (z) as a ̸ 2 when ϵ = 1. This can be shown to result in no motion across most of the top half of the container since the leading-order flows will cancel each other for z > z 0 . The R 1/3 layer flow will also be the average of those for Cases 1a and 1b. Those features have been confirmed by comparing numerical solutions for the two approaches, and the most significant discrepancies occur in the corner regions (for which the governing equations are fully nonlinear when ϵ = 1 and σ is order one).
For more general cases of boundary conditions that have T n constant on each wedge, and which result in T ′ 0 (z) > 0 everywhere, it is reasonable to postulate that the key qualitative features of the flows, such as the strength and direction of the circulation and the presence and location of buoyancy and R 1/3 layers, are similar to those obtained by taking a linear combination of the three basic nonlinear solutions for Cases 1a-c.
The higher-order flow for Case 1
It is apparent from some of the features outlined for the cases above that higher-order terms may need to be examined for some of the flow regions in section 3.
Outer flow
Based on the properties of the leading-order solutions in section 3.1, (3.1) for the outer flow have relative error of O(R 2 ). However, mass fluxes from other regions of the flow can generate other terms in the outer flow, in particular, perturbations of relative size O(R 1/2 ) that arise from the next order of the buoyancy layer solution. Since the solutions (3.4) still remain valid in that situation, it follows that the quantities p 1 , T 1 and w 3 in the outer flow expansions (3.2)-(3.3) are independent of x and that, using linearization, the higher-order streamfunction ψ 3 (x, z) is given by
in terms of T 1 (z) = f 1 (z). Differential equations for f 1 and g 1 can be obtained in a similar manner to f 0 and g 0 in section 4.1 by deriving a higher-order version of (3.11) from the buoyancy layer flow at that order.
Buoyancy layer
The form of the higher-order outer flow solution in section 5.1 also suggests continuing the buoyancy layer analysis in section 3.2 to the next order in R 1/2 . This gives that
In the same manner as for (3.8) in section 3.2, (5.3) can be integrated across the buoyancy layer using the leading-order solutions (3.9)-(3.10) as forcing terms. Whenψ 2 (x, ∞) varies withx, and henceŵ 2 is nonzero for large ζ , the solution hasû 2 ∝ ζ andT 2 ∝ ζ 2 for large ζ , thereby matching with the outer flow. In the case of interest here, however, bothT ′ 0 (x) and T n are constant soû 1 is independent ofx,ŵ 2 is zero everywhere and most of the forcing terms in (5.2) and (5.3) vanish. It can then be shown from integrating (5.3) across the buoyancy layer that
using thatT 2ζ (x, ∞) = cot αT ′ 1∞ (x) from (5.2), withT ′ 1∞ (x) determined by the higher-order outer flow. In effect, (5.4) is a linearization of (3.11) but in terms ofx rather than z.
Outer flow solution for Cases 1a and 1b
Following a similar procedure to that in section 4.1, the O(R 1/2 ) perturbations T 1 (z) = f 1 (z) to the outer flow temperature satisfy (z f ′ 1 ) ′ = 0 for z < z 0 , and hence f ′ 1 (z) = c 1 /z for any constant c 1 . It follows from (5.1) that A detailed calculation of the value of c 1 is outlined in section 6, where it is shown that c 1 > 0 for Cases 1a and 1b so that the streamfunction ψ 3 is strictly negative over the remainder of the lower half of the domain. As z approaches z 0 from below there is a downwards velocity of w 3 = −4c 1 / √ σ and that velocity increases in strength as z decreases towards the bottom corner. As the left-hand boundary is approached ψ 3 tends to ψ 3 (−z, z) = −4c 1 /( √ σ z), which indicates that u 3 > 0 on that boundary, and hence additional fluid is expelled into the outer flow from that buoyancy layer. The combination of these inflows leads to an overall downwards velocity of w 3 ∝ 1/z 2 at any height z < z 0 . On the approach to the lower corner region, where z = O(R 1/2 ), these downward velocities are O(R 1/2 ) over a region of width O(R 1/2 ) so the mass flux in the higher-order flow is the same size as that for the leading-order solutions. A higher-order adjustment of that form is not evident in the various streamfunction plots in Fig. 3 , apart from a very slightly decrease in the downwards velocity near the outer edge of the lower left-hand buoyancy layer, but more detailed analysis of the numerical results confirms that there is an O(R) perturbation to the leading-order outer flow streamfunction near the bottom corner. For Case 1a, the streamfunction is antisymmetric across z = z 0 and ψ 3 is discontinuous across that line. The O(R 3/2 ) outer flow therefore transports fluid from the left-hand corner into the R 1/3 layer near z = z 0 , which is then expelled into the outer regions on both sides. That fluid then moves towards the top and bottom corners, enhanced by a mass flux from both left-hand buoyancy layers. The corresponding streamlines for this outer flow are shown by the unbroken lines in Fig. 3(f) . The perturbation temperature T 1 for z > z 0 is obtained from that in (5.5) by replacing z by (2z 0 − z) and changing its sign, so both T 1 and T 1z are continuous across z = z 0 but with a jump in T 1zz .
For Case 1b, the symmetry properties of ψ about z = z 0 leads to a slightly different type of discontinuity in mass flux at z = z 0 , in this case with ψ 3 (x, z 0 −) = 4(x − z 0 )c 1 / √ σ and 
Higher-order flow in the R 1/3 layer
For Case 1a, the form of the higher-order outer flow solution ψ 3 described above, with streamlines shown by the unbroken lines in Fig. 3(f) , indicates that there is a mass source of strength O(R 3/2 ) at the left-hand corner. This source is fed by the fluid moving towards that corner along the adjacent buoyancy layers. The corresponding R 1/3 layer solution with a mass flux of O(R 3/2 ) is therefore based on (3.18) with L = 2z 0 , and it has streamlines of the form shown in Fig. 2(b) . For Case 1b, the discontinuity in ψ 3 at z = z 0 can be resolved with an R 1/3 layer solution that corresponds to a sum of two equal mass sources of O(R 3/2 ), one at each end of the layer and with both expelling fluid over a length 2z 0 . For x < 0, the resulting streamlines are like those in Fig. 2(a) based on L = z 0 , while for x > 0, they have the same form but reflected aboutx = L. These streamlines for the O(R 3/2 ) flow in the R 1/3 layer are therefore quite different from those apparent near z = z 0 in Fig. 3(d) . Furthermore, the size of the streamfunction perturbations are significantly smaller than the O(R 7/6 ) indicated by the numerical results in section 4.2.
In section 5.6, it is shown that the forcing for this apparent O(R 7/6 ) motion in the R 1/3 layer in this case can be linked to the properties of the left-and right-hand corner regions. In particular, it will be demonstrated that the integral of that streamfunction perturbation across the R 1/3 layer must be O(R 3/2 ) and nonzero, and that the solution appears to arise from δ function contributions to ψ (as opposed to u) at both ends of the layer. A different type of R 1/3 layer solution is therefore required to describe this 'corner-induced' motion of size O(R 7/6 ).
A new 'basic' solution χ c =ū c + iλT c of the linear R 1/3 layer equation (3.16) is therefore sought with a δ-function initial condition forψ nearx =z = 0, instead of the step function behaviour that lead to the 'basic' mass source solution χ 2 in section 3.3. Clearly, the corresponding streamfunctionψ c , say, has the same properties asū 2 from (3.18), so it follows that χ c is thez derivative of χ 2 . Using the results in section 3.3, the appropriate R 1/3 layer similarity solution for the infinite width problem nearx =z = 0 is therefore the m = −2/3 case from section 3 of Moore and Saffman (16) 6) while for the finite width problem
Based on the features of χ 2 in section 3.3, it follows that χ c hasū c → 0 andT c ∼ µ 2z sgnz/2L for largez. This solution does not circulate any mass flux into the outer flow, but it does resolve a discontinuity in T ′ (z) for the higher-order outer flow at z 1 . In particular, for an O(R 1/2 ) discontinuity in T ′ (z) then an O(R 5/6 ) multiple of χ c will lead to an O(R 7/6 ) perturbation to the streamfunction. The similarity solution (5.6) seems to be the first situation where the m = −2/3 case in Moore and Saffman (16) has been applied, and it has a stronger singularity asx → 0 than either (3.17), which was considered in their section 4, or the m = −1/6 case needed for the leading order of the 'rising disk' problem in their section 5.
Bottom corner region
To examine further the higher-order perturbations that arise for Cases 1a and 1b, the bottom corner region where ψ 3 becomes large must be examined in more detail. In particular, consider the triangular area A 1 in Fig. 1 that is bounded by the container walls and the horizontal line at z = h, with R 1/2 ≪ h ≪ 1, so that it completely encloses the R 1/2 × R 1/2 corner region near x = z = 0. When (2.3) is integrated over that area ∫
using the divergence theorem. Here, ψ and T n are specified on two of the three edges that comprise the boundary ∂ A 1 of A 1 . After some simplification, it can be shown that
for both Cases 1a and 1b in section 4. Since ψ is O(R) and positive throughout the container, with T x of O (1) and positive in the buoyancy layers, the left-hand side of (5.9) is O(R 3/2 ) and positive for these flows. Also, since the leading-order contributions come from the two separate buoyancy layers near x = ±h, both of which have solutions that are independent ofx for Cases 1a and 1b, the O(R 3/2 ) contribution to the integral on the left-hand side of (5.9) is independent of h.
The O(R 3/2 ) contributions to the right-hand side of (5.9) arise from both the higher-order solution T 1 (z) and the two buoyancy layers near x = ±h in which T z is O(1) over regions of width O(R 1/2 ). It can also be shown that the integrals of (T z − 1 ̸ 2) over the buoyancy layers are equal and opposite, so the only term on the right-hand side of (5.9) of that order comes from the O(R 1/2 ) values of T z across the outer flow which, from (5.5), gives a contribution equal to 2c 1 R 3/2 / √ σ . Since the lefthand side of (5.9) is positive, it follows that c 1 is positive also (with its precise value is calculated in section 6.5), and hence that there is a non-zero O(R 1/2 ) higher-order outer flow in this situation.
Left-hand corner region
In section 4.2, it was observed that there are maxima of ψ near the left-and right-hand corners in Fig. 3(e) , with values that appear from the numerical solutions to be O(R 7/6 ) perturbations of the leading-order outer flow streamfunction value R/ √ σ . To investigate that issue further, a similar integral treatment to (5.8) can be performed over a region A 2 near the left-hand corner at (−z 0 , z 0 ). For the boundary conditions in Case 1b, after simplification, this gives
The right-hand side of (5.10) is negative and O(R 3/2 ), as both of the buoyancy layer contributions near z = z 0 ± h have T x > 0. Similar order terms on the left-hand side arise from both the higherorder outer flow and the buoyancy layer contributions; the details are not reproduced here but, from the corresponding analysis in section 6, the sum of these terms does not match the right-hand side of (5.10). This indicates that there must be a missing contribution to the left-hand integral, for example, due to some form of R 1/3 layer flow near z = z 0 . To offset such an O(R 3/2 ) discrepancy in (5.10) requires that ψ has an additional term of O(R 7/6 ) in that layer, consistent with the size of the perturbation that is evident near the centreline in Fig. 3(e) . As noted in section 5.4, such a flow matches with the properties of the R 1/3 layer solution (5.7), with one such term located at each end of the layer; although in that case, there would also be no nett O(R 1/2 ) jump in T z across the R 1/3 layer as the two discontinuities exactly offset each other. This proposal is considered further in section 6, albeit for the situation where the two R 1/3 layer solutions are not aligned. Finally, the analysis above can also be undertaken using a similar parameter ϵ to that for Case 1a. This includes the calculation of the strength of the 'corner-induced' motion in the R 1/3 layer as well as the analysis that leads to the higher-order outer flow-although it turns out that c 1 = 0 for β = π/4 when ϵ ≪ 1 (but with d 1 nonzero) . Indeed, this is an example where the application of the linear theory in Page and Johnson (6) leads to most of the same features as the nonlinear theory of Page and Johnson (7) but with significantly less algebraic detail.
Case 2: circulating flow for 0<β β β<π π π/2
The cases in section 4 above, as well as those in Page and Johnson (6, 7) , are for flows in a square container that is tilted at an angle of 45 • but it is instructive to examine how the steady flow features vary with the angle of inclination. As illustrated in Fig. 1 , the R 1/3 layers that extend from the left-and right-hand corner regions can be considered individually when β ̸ = π/4 since they are no longer collocated along z = z 0 . Varying β provides a stronger test of the suitability of the flow structure outlined in section 3 and the generality of the higher-order solutions in section 5.
A typical example of a configuration with a varying slope is the equivalent to Case 1b but with 0 < β < π/2, so that T n = 0 along the upper left-hand and lower right-hand boundaries and T n± = ± sin β on the upper right-hand and lower left-hand boundaries. As for Case 1b, this configuration is rotationally symmetric so the flow for z > z 0 can be obtained from that for z < z 0 by replacing x by (−x), z by (2z 0 − z) and T by (−T ), with no change in sign of ψ. When β = 0 or β = π/2, there is no induced flow, as there are no sloping surfaces in those situations.
Leading-order outer flow
The outer flow can be determined using a similar analysis to that outlined in section 4.1. This yields that there is no leading-order motion in the outer region, and that it varies with β as
where 2∞ = cot β/ √ σ in this case. As β → π/2, the flow becomes stagnant with a steady linear stratification that is driven by temperature fluxes on the top and bottom boundaries. As β → 0, however, the mass flux around the buoyancy layers becomes large, as was observed for a semiinfinite plate by Wunsch (1) and Phillips (2) when their α → 0. Between those two limits, the leading-order buoyancy layer flow circulates in roughly the same way as for Case 1b, although with a decreasing mass flux as the tilt angle β increases. The large buoyancy layer mass flux when β is small is mostly attributable to an increase in the lower right-hand buoyancy layer thickness of O(R 1/2 / sin β) as β decreases, and it becomes indistinguishable from the R 1/3 layer thickness of O(R/ sin β) 1/3 once β is O (R 1/4 ). At the other end of the range, the left-hand buoyancy layer
, in which case the analysis in section 3.2 is no longer strictly valid.
In Fig. 4(a) and (b) , the streamlines and streamfunction for β = π/6 are shown based on the numerical solutions of the full equations for R = 10 −4 and σ = 1, and it is apparent that √ σ ψ/R is close to √ 3 over most of the domain, apart from in the buoyancy layers and in the R 1/3 layers that extend from the left-and right-hand corners. Comparing Fig. 4(b) with Fig. 3(e) , these R 1/3 layers no longer coincide and so must be treated separately, although the same type of 'cornerinduced' motion extends from each corner. Fig. 4(c) that the temperatures vary in z across the outer flow region, indicating that a higher-order outer flow is present. This is examined further in section 6.3.
In Fig. 4(d) , the average value of the temperature gradient across the container is also shown as a function of β based on the numerical solutions. To leading order in R, this is determined by T ′ 0 (z) = sin 2 β (dashed line), from (6.1), and clearly the numerical result matches that prediction closely. The principal departures are for small values of β, but as noted above the theory in this paper is no longer valid once β is O(R 1/4 ) or smaller (which is of size 0.1 for the numerical solutions here). Also shown in Fig. 4(d) are the mean values of ( √ σ ψ/R cot β) at each β from the numerical solutions of the full equations. Again, these match well with the expected value of one based on (6.1), especially once the O(R 1/2 δ) displacement effect of the buoyancy layers is taken into account. As above, the principal departures are for small values of β where leading-order theory presented in this paper is not appropriate. Notwithstanding those differences, a comparison in Fig. 4(d) between the numerical results for R = 10 −4 and σ = 1 and the leading-order outer solutions (6.1) over a broad range of values of β strongly supports the validity of both the asymptotic flow structure presented in (7) and the leading-order solutions in this paper.
Leading-order flow in the buoyancy layers
As in section 5.2, the corresponding leading-order velocity and temperatures in each of the buoyancy layers are given the solutions (3.9) and (3.10) using the appropriate value for δ = √ 2/| sin α| sin β, in terms of the slope angle α of each boundary, withÛ 1 = 2 2∞ /δ.
Analysis of the numerical solutions indicates that the largest velocities occur within the corner regions, where the maximum value of |u| is typically slightly larger than the maximum velocities in the buoyancy layers. In Fig. 4(d) , the overall maximum value of |u| over the entire container is plotted (dotted line) as a function of β based the numerical solutions of the full equations for R = 10 −4 and σ = 1, along with the maximum value |u mid | across the two 'mid-sectional' lines atx = 1 ̸ 2 andẑ = 1 ̸ 2 (solid line). Also shown (dashed line) is the predicted maximum value of the leading-order buoyancy layer solution ( √ 2 2∞ e −π/4 /δ) as β varies; these are consistent with the numerical values of |u mid | down to values of β at which the R 1/3 layer begins to merge with the almost horizontal buoyancy layers-at which point both |u| and |u mid | peak and then decrease as β tends to zero. The predicted maximum buoyancy layer velocities occur near the lower left-and upper right-hand boundaries once β < π/4, with the maximum velocity in the lower right-and upper left-hand layers tending to e −π/4 as β → 0. This latter effect occurs because the increasing value of δ = ( √ 2/ sin β) against the T n = 0 boundaries offsets the factor of cot β in 2∞ . In passing, it is worth observing that this steady configuration is quite different from the flow considered experimentally by Peacock et al. (4) , as their background density gradient did not vary with the angle of their sloping boundary. Despite that the features in both the overall and the 'midsectional' maxima |u mid | from the numerical solutions in Fig. 4(d) here are consistent with the trend in the experimental values in their Fig. 4 as the slope varies. This is probably because in both cases, the R 1/3 layers near the base of the container begin to dominate the buoyancy layer flow near the T n = 0 boundary as the slope of that boundary approaches zero.
Higher-order flow in the outer region
As in section 5, the higher-order outer flow is also of interest in this case. In section 5.3, it was shown that the O(R 1/2 ) perturbation to the outer flow has T ′ 1 (z) = c 1 /z when β = π/4, and at other angles of inclination this remains true for the lower part of the domain 0 < z < z 1− , where z 1− = min{sin β, cos β}, with T ′ 1 (z) = c 1 /(2z 0 − z) for z 1+ < z < 2z 0 using symmetry, where z 1+ = max{sin β, cos β}. Over the middle part of the domain z 1− < z < z 1+ , the container has a constant width and it can be shown that T ′ 1 (z) = d 1 is constant. Relating c 1 to d 1 for this higher-order flow is more complicated than the situation in Case 1b, as there are two breaks in the outer flow domain in this situation and it is not necessarily true that T ′ 1 (z) is continuous across both z 1− and z 1+ . Instead, it is shown below that both c 1 and d 1 can be determined from a detailed consideration of the left-hand and bottom corner regions. Further, as predicted in section 5.6, jumps in T ′ 1 (z) at both z 1− and z 1+ correspond to streamfunction values of O(R 7/6 ) in R 1/3 layer solutions (5.7) near both levels. The principal difference from Case 1b is that these R 1/3 layers are not collocated when β ̸ = π/4 and so they can be examined separately.
From T ′ 1 (z) above, the higher-order streamfunction in the outer flow can be calculated as a function of β, giving that
so that it is zero on the right-hand boundary, and that when β < π/4
is constant, with ψ 3 (x, z) = 0 over the same z range when β > π/4. For z 1+ < z < 2z 0 , the form of ψ 3 follows from the symmetries given earlier.
Higher-order flow in the R 1/3 layer
Based on the analysis above, the streamfunction ψ 3 for the higher-order outer flow is discontinuous at z = z 1± and associated with an O(R 3/2 ) mass flux in the R 1/3 layers near those two levels. Like for 'rising disk' in section 5 of Moore and Saffman (16) , this contribution is smaller than would be required to resolve the corresponding discontinuities in T ′ 1 (z). As a result, it is not necessarily true that T ′ 1 (or indeed ψ 3 ) must be continuous at z = z 1± ; instead, the relationship between c 1 and d 1 is determined through a larger O(R 7/6 ) flow in the R 1/3 layer.
Details of a suitable 'basic' R 1/3 layer solution for such O(R 7/6 ) flow were outlined in section 5.4. The features of the corresponding streamfunctionψ c are similar to those ofū 2 , plotted in Fig. 2(a) , with fluid recirculating from and back into a singularity atx =z = 0. The properties of corresponding temperature perturbationsT c noted in section 5.4 also imply that this solution supports a O(1) discontinuity inT cz across the layer. A suitable O(R 5/6 ) multiple ofT c is therefore able to resolve any O(R 1/2 ) discontinuity of temperature gradient in the higher-order outer flow at z = z 1± , leading to a streamfunction that has a singularity located at either the left-or right-hand corner of the container (or at both when β = π/4). In section 6.6, this form of solution is verified by matching it to the properties of the flow in the left-hand corner region, and the appropriate multiple is also determined.
The bottom corner region
To determine the unknown constant c 1 , an equivalent analysis to (5.9) implies that As in section 5.5, there are three contributions to these integrals of size O(R 3/2 ). In the buoyancy layers at each end, ψ is O(R) and T x is O(1) over regions of length O(R 1/2 ), based on the leadingorder solutions in section 3.2, and that yields the value on the left-hand side of (6.5) below. Similarly, the integrand (T z − sin 2 β) is also O(1) in the buoyancy layers, giving the first term on the righthand side of (6.5). Finally, integrating the higher-order outer flow solution (6.2) gives the third contribution to (6.4) , so that all terms of O(R 3/2 ) must satisfy
and hence that
This is plotted as a function of β in Fig. 4 (e). Notice that for Case 1b in section 5.5, where β = π/4, evaluating (6.6) gives that c 1 = √ 2/8 > 0.
The left-hand corner region
To calculate d 1 , and hence the discontinuity in T ′ 1 (z) at z = z 1± , consider an integral of (2.3) over a region A 2 near the left-hand corner at (x 1 , z 1 ) = (− sin β, cos β). As in (5.10) that requires the O(R 3/2 ) terms in
to balance for h > 0, which in turn determines the strength of a postulated δ function source for the O(R 7/6 ) streamfunction in the R 1/3 layer. There are three contributions to the left-hand side of (6.7) of O(R 3/2 ): from the buoyancy layers at the start and end of the z range; from postulated ψ values of O(R 7/6 ) in a possible R 1/3 layer near z = z 1 ; and finally from the higher-order outer flow solutions ψ 3 and T 1 across the entire range of integration. In addition, the right-hand side of (6.7) has terms of O(R 3/2 ) from buoyancy layers in which T x is O(1) and positive over distances of O(R 1/2 ).
The R 1/3 layer contribution to the left-hand side of (6.7), say I 1/3 , can be linearized to
based on an expansion of the same form as (3.14) within that layer. All of other O(R 3/2 ) contributions to (6.7) listed above can be evaluated using integrals of solutions presented in this paper. Combining those, it can be shown that I 1/3 (x) is a function ofx = (x − x 1 ) = h away from the corner and is given by 9) in terms of the discontinuity T ′ 1 in the outer flow temperature gradient T ′ 1 (z) across z = z 1 . Since this expression (6.9) is nonzero, there must be a nonzero O(R 7/6 ) perturbationψ 7/2 to ψ in the R 1/3 layer.
The first term on the right-hand side of (6.9) is positive for most angles, except as β approaches 0 and the √ cot β term dominates, and it represents the value I 1/3 (0) asx → 0+. The second term arises from the higher-order outer flow contribution to (6.9), in terms of T ′ 1 . Bearing in mind that z 1 swaps from being z 1+ to z 1− as β is increased through π/4, that discontinuity is equal to
The factor ofx in the second term also implies that I 1/3 (x) is a linear function ofx near the left-hand corner, at least while the line of integration in (6.8) intersects the two left-hand boundaries.
In section 5.4, it was noted that a new 'basic' streamfunctionψ c can be defined that has the same form as the solutionū 2 in (3.18). This was because χ c in (5.7) was obtained by differentiating χ 2 in (3.18) once with respect toz, and hence thatψ c corresponds to thez derivative of the streamfunction ψ 3 which in turn is obtained by integratingū 2 in (3.18). As a result, the integral ofψ c across the entire R 1/3 layer corresponds to a difference of theψ 3 values from either side of the layer, and for the finite width problem in section 3.3 that was seen to be linear inx. It therefore follows that if ψ 7/2 in (6.8) is a multiple ofψ c , then I 1/3 (x) is a linear function ofx in the R 1/3 layer not only for smallx but for its entire length across to the right-hand boundary. Also, since the form of the corresponding similarity solution (5.6) includes a multiple ofx −1/3 for small values ofx, it follows that ψ values in the R 1/3 layer are of size R 7/6 /x 1/3 asx → 0+ and therefore that they match smoothly with the O(R) values in the corner region, within whichx = O(R 1/2 ).
The value of I 1/3 (x) forx > 0 is expressed in terms of T ′ 1 in (6.9) but the value of d 1 in (6.3) is not yet known. The final constraint is thatψ 7/2 should be zero at the position where the R 1/3 layer intersects the other boundary, atx = L say, and hence that I 1/3 (L) = 0. This is because ψ values of O(R 7/6 ) are not generated in the right-hand buoyancy layer at that point in the absence of any local forcing (except of course when β ≈ π/4). It then follows from (6.9) that
where L = min{1/ sin β, 1/ cos β}. Given the value of c 1 from (6.6), this allows d 1 to be evaluated for each of the cases β < π/4 and β > π/4, as shown in Fig. 4 (e). It is also apparent from the plot of Fig. 4 (e) that both it and T ′ 1 are nonzero for almost every value of β, and positive for β larger than about 0.04.
From both (6.9) and Fig. 4 (e) as β approaches zero, the values of I 1/3 (0) and T ′ 1 become large and negative. Both c 1 / sin β and I 1/3 (0) are proportional to β −1/2 in that limit, based on (6.6) and (6.9), and d 1 has a similar singular behaviour as β → 0. Despite that the corresponding higher-order streamfunction R 3/2 ψ 3 always remains smaller in magnitude that the leading-order value Rψ 2 since ψ 2 ∝ β −1 in the same limit.
The resulting higher-order outer flow for Case 2
Based on the analysis above, it is clear that c 1 is nonzero for the higher-order outer solutions in section 6.3 at almost all values of β, except as β → 0 and near 0·91. From (6.9), it is apparent that I 1/3 (0) is nonzero except near 0.04 and as β → π/2. As a result, the leading-order solution in the outer flow for Case 2 almost always has a correction of relative size O(R 1/2 ) and, from (6.2), this correction becomes increasingly important near the bottom and top corners of the container. Further, the 'corner-induced' motion that is evident in the streamfunction plots of both Figs 3(e) and 4(b) is present along the R 1/3 layers for Case 2 at almost every value of β.
Having calculated this higher-order solution, it can be compared with numerical solutions at finite values of R. The form of solution T ′ 1 (z) = c 1 /z over 0 < z < z 1− is consistent with the variations An equivalent analysis has also been completed for the ϵ ≪ 1 version of Case 2, using a linearization parameter ϵ like that in Case 1a. The expressions for c 1 and I 1/3 (0) in that situation show that there is a single positive value of β for which c 1 = 0 at any 0 < ϵ 1, and that this occurs at β = π/4 as ϵ → 0. Further, it can also be shown that I 1/3 (0) is nonzero for almost all β values, including when ϵ → 0. It can therefore be concluded that the 'corner-induced' motion near the centreline in Fig. 4(b) is present for the linearized problem as well, and that it is not due to any nonlinear effect.
Case 3: fixed temperature boundary conditions
For Case 2 in section 6, the singular term T 1 (z) = c 1 /z in the higher-order outer flow, which is driven by the bottom corner region, is almost always present in conjunction with the 'cornerinduced' motion that appears to be driven from the left-and right-hand corners. However, more generally, these two aspects of the higher-order solution are independent of each other and can be forced separately.
An example with some 'corner-induced' motion near the side corners but without singular term in the O(R 1/2 ) outer flow temperature is shown in Fig. 5 . This is based on numerical solutions along every edge, instead of specifying T n . This particular choice combines the boundary conditions for the leading-order outer solution T 0 (z) in (6.1) with those for the corresponding buoyancy layer solution (3.10), but they are applied along the entire edge (including up to the corners where the buoyancy layer solution is no longer valid). An asymptotic analysis of a flow with specified temperature values T b around part of the boundary for R ≪ 1 is outlined by Page (13), but meanwhile, the numerical results in Fig. 5 provide useful information. In particular, comparing Fig. 5(b) with Fig. 4(c) , there is no apparent O(R 1/2 ) variation of T with z over the outer flow region, and hence c 1 and ψ 3 appear to be zero in this case. Despite that the streamfunction plot in Fig. 5 (a) still shows that a small 'corner-induced' motion extends along the R 1/3 layers from the left-and right-hand corners. A similar type of analysis to that leading to (6.9) is not possible in this case, since the precise values of T n are not known explicitly here, but it is apparent that I 1/3 (0) must be nonzero for this flow and hence both T ′ 1 and d 1 are nonzero. As a result, there is a mass flux of O(R 3/2 ) along the two R 1/3 layers, with corresponding discontinuities in T ′ 1 at z 1− and z 1+ , but without any singularity in the higher-order outer flow on the approach to the top and bottom corners.
More generally, the flow features in numerical solutions for the specified temperature boundary conditions (7.1) have many similarities with those seen for the diffusion-driven flows in sections 4-6 of this paper for which T n was specified all around the boundary. Page (13) considers this matter further and introduces additional R 1/4 layers in some circumstances. This broadens the applicability of the asymptotic structure proposed in both this paper and Page and Johnson (7) and could also make it easier to design simple laboratory experiments that illustrate or use steady diffusion-driven flows.
Concluding remarks
This paper presents additional details of contained diffusion-driven flows beyond those presented in Page and Johnson (6, 7), in particular for the solutions in the R 1/3 layers. Higher-order terms are also calculated in both the outer flow and the buoyancy layers, and an integral analysis has been undertaken across the corner regions of size O(R 1/2 × R 1/2 ). The cases studies considered in sections 4 and 6 are chosen to be as simple as possible yet illustrative of general properties of steady diffusion-driven flows in a closed container.
The analysis of the R 1/3 layers in section 3.3 is founded upon the work of Moore and Saffman (16) for rapidly rotating fluid flows, and utilizes an degree of equivalence between their linear equations and those for nonlinear diffusion-driven flows here. However, the additional analysis and visualization in this paper as well as the application of those modified solutions to R 1/3 layer flows (for which there is no equivalent of an E 1/4 layer) is novel. Further, determination of the strength of the 'corner-induced' motion for Cases 1b and 2 using an integral analysis in sections 5.6 and 6.6 follows a different approach from that for the 'rising disk' problem in section 5 of (16) .
The analysis in section 5 here also reveals a higher-order compatibility condition (5.4) that determines the higher-order outer flow for this geometry. That flow can include a singularity on the approach to the top and bottom of the container but it matches smoothly into the local corner regions. Further, the integral analysis over those corner regions in sections 5.5 and 6.5 enables the precise strength of that singularity to be found without the need to determine the full solutions in those regions.
The multi-region asymptotic theory detailed here for R ≪ 1 and σ = O(1) has been evaluated against numerical solutions of the full governing equations for a number of cases and it predicts all key features of the flows up to and including perturbations to the leading-order solutions of relative size O(R 1/2 ). The variation of those features as the angle of inclination β is changed are also confirmed. Other tests not shown here show an excellent agreement between the corresponding analysis for ϵ ≪ 1 and numerical solutions of the equivalent linearized equations.
Flow perturbations of even higher order could be calculated using a similar approach but that was not pursued here as the aim was to reveal and explain the most important and generally applicable flow features. That said, at some point, it may be necessary to determine further information on the corner regions than is apparent from by the integral treatments in sections 5 and 6, for example, to identify any particular factors that might generate the so-called 'corner-induced' motions in Cases 1b and 2. Conversely, similar integral treatments could applied to other 'corner-type regions', for example, at sharp edges in uncontained flows, such as that as at the corners of the wedge in Allshouse et al. (5) .
Finally, the case study in section 7 demonstrates that similar types of flows can be generated for other problems that have small adjustments to a steady and stable background temperature gradient, including by specifying temperature T b on the boundaries instead T n = ∂ T /∂n. The same may be expected where some boundaries have a specified temperature T b and others have a specified T n , as in Page (13), although R 1/4 layers may also be present in those circumstances.
